Abstract. In this paper, by considering the notion of upsets, for any element x of a BL-algebra L, we construct a topology τx on L and show that L-algebras with this topology formes a semitopological BL-algebras. Then we obtain some of the topological aspects of this structure such as connectivity and compactness. Moreover, we introduced two kinds of semitopological M V -algebra by using two kinds of definition of M V -algebra and show that they are equivalent.
Introduction
In [13] , Hájek proposed his logic BL as a common fragment of all traditional many valued logics (Łukasiewicz, Gödel and Product Logics). In [16] , BL has been proved to be complete with respect to a variety of algebras called BL-algebras. BL-algebras are the algebraic structure for Hájek's Basic Logic. M V -algebras, Gödel algebras and Product algebras are the most known classes of BL-algebras. In the last 10 years, many mathematicians have studied the properties of BL-algebras endowed with a topology. For example Di Nola and Leustean [11] studied compact representations of BL-algebras, Ciungu [8] investigated some concepts of convergence in the class of perfect BL-algebras, Mi Ko and Kim [17] studied relationships between closure operators and BL-algebras, Haveshki et al. [14] applied filters to construct a topology on BL-algebras. Borzooei et al. [4] defined semitopological and topological BL-algebras, and they stated and proved some theorems that determine the relationships between them. In [5] , Borzooei et al. introduced quasi-filter neighborhoods and studied metrizability on (semi)topological BL-algebras. In [3] , Borumand Saeid et al. introduced the set of double complemented elements for any filter F in BL-algebras and obtained some of the properties of it.
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In this paper, we generalized this definition and defined the concept of D y pF q, for any upset F of BL-algebra L. In fact, DpF q " D 1 pF q, for any filter F of L. Then we attempt to construct a topology on L, by using these subsets. Our aim is to show that L with this topology is a semitopological BL-algebra. With this way, we can construct many semitopological BLalgebras. In the last section, we verify semitopological M V -algebras and find relation between semitopological l-groups and semitopological M Valgebras.
Preliminaries
Definition 2.1. [1, 12, 13] (i) A residuated lattice is an algebra pL, _,^, d, Ñ, 0, 1q of type p2, 2, 2, 2, 0, 0q satisfying the following conditions:
(1) pL, _,^, 0, 1q is a bounded lattice with 1 as the greatest element and 0 as the smallest element,
(ii) A residuated lattice L is called a BL-algebra, if it satisfies the following conditions:
Proposition 2.2. [1, 12, 13, 19] The following properties hold for any BL-algebra:
B17) x Ñ py_zq " px Ñ yq_px Ñ zq and x Ñ py^zq " px Ñ yq^px Ñ zq, (B18) x^py _ zq " px^yq _ px^zq, (B19) px Ñ yq 2 " x 2 Ñ y 2 , px _ yq 2 " x 2 _ y 2 and px^yq 2 " x 2 _ y 2 , where x 0 " 1, x 1 " x and x n " x n´1 d x, for any 2 ≤ n. Definition 2.3. Let pX, ≤q be an ordered set. Then we define Ò: P pXq Ñ P pXq, by Ò S " tx P X|a ≤ x, for some a P S u, for any subset S of X. A subset F of X is called an upset if Ò F " F . We usually use U pXq to denote the set of all upsets of X. An upset F is called finitely generated if there exists n P N such that F "Ò tx 1 , x 2 , . . . , x n u, for some x 1 , x 2 , . . . , x n P X. For any filter F of a BL-algebra L, we can define a relation " F on L by x " F y ô x Ñ y, y Ñ x P F , for all x, y P L. Then " F is a congruence relation on L and we use x{F or rxs to denote ty P L|x " F yu, for any x P L. Let A{F " trxs|x P Lu. For all x, y P L, define rxs _ rys " rx _ ys, rxs^rys " rx^ys, rxs d rys " rx d ys and rxs Ñ rys " rx Ñ ys. Then pL{F, _,^, d, Ñ, r0s, r1sq is a BL-algebra. It is called the quotient BLalgebra with respect to F (see [12] ). Note that, if S Ď L then S{F " tx{F |x P Su. 
Let f : L Ñ L 1 be a homomorphism. Then f px _ yq " f pxq _ f pyq, f px^yq " f pxq^f pyq, f px 1 q " f pxq 1 and f p1q " f p1q. Moreover, if F and G are filters of L and L 1 , respectively, then f´1pGq is a filter of L. We use kerpf q to denote tx P L|f pxq " 1u. It is a filter of L.
Definition 2.8. [3] Let F be a filter of a BL-algebra pL, _,^, d, Ñ, 0, 1q. The set of double complemented elements, D(F), is defined by DpF q " tx P L|x 2 P F u. (i) τ 1 is finer than τ , (ii) for any x P X and each basis element B P β containing x, there is a basis element
Definition 2.11.
[4] Let pA,˚q be an algebra of type 2 and U be a topology on A. Then pA,˚, U q is called a
A is a right and left topological algebra.
Note that, if pA,˚q is a commutative algebra, then right and left topological algebras are equivalent.
Definition 2.12.
[4] Let A be a non-empty set and t˚iu iPI be a family of operations of type 2 on A and U be a topology on A. Then (i) pA, t˚iu iPI , U q is a right (left) topological algebra, if for i P I, pA,˚i, U q is a right (left) topological algebra, (ii) pA, t˚iu iPI , U q is a right (left) semitopological algebra, if for i P I, pA,˚i, U q is a right (left) semitopological algebra.
Definition 2.13.
[2] An abelian l-group is a structure pG,`,´, 0, _,^q such that pG,`,´, 0q is an abelian group, pG, _,^q is a lattice and for any x, y, a P G, x ≤ y implies a`x ≤ a`y.
Constructing some topologies on BL-algebras
In this section, for any upset F of a BL-algebra L and any y P L, we define the concept D y pF q. We show that tD y pF q| F is an upset of L u formes a topology on L, for any y P L. We denote this topological space by pL, τ y q and obtain its properties. We prove that pL, td, _,^u, τ y q is a semitopological BL-algebra, for any y P L.
From now on, in this paper, pL, _,^, d, Ñ, 0, 1q or simply L is a BLalgebra, unless otherwise specified.
where y∆x " py Ñ xq 2 and y n ∆x " y∆py n´1 ∆xq, for any n P t2, 3, 4, . . . u.
Note 3.2. By pB4q, pB8q and pB19q, it can be easily obtained that,
for any x, y P L and n P N. Hence, D y pF q " tx P L | py 2 q n Ñ x 2 P F , for some n P Nu.
In the next proposition, we want to verify some properties of this operator. Note that, if F " ∅, then clearly, D y pF q " ∅ and so we verify non-empty upsets in the next proposition.
Proposition 3.3. Let x, y P L and F, G be two non-empty upsets of L. Then the following hold:
Proof. (i) Let u PÒ D y pF q. Then there exists x P D y pF q such that x ≤ u and so py 2 q n Ñ x 2 P F , for some n P N. By x ≤ u and (B5), we get x 2 ≤ u 2 and so py 2 q n Ñ x 2 ≤ py 2 q n Ñ u 2 . Since F is an upset and py 2 q n Ñ x 2 P F , then py 2 q n Ñ u 2 P F and so u P D y pF q. Therefore, D y pF q is an upset.
(ii) Since 1 P F and py∆yq " 1, then we get y P D y pF q. Now, let x P F . Then by (B2) and (B8) we have x ≤ y Ñ x ≤ py Ñ xq 2 " y∆x, so x P D y pF q. Therefore, F Ď D y pF q.
(iii) It follows from Note 3.2 and (B4).
(iv) Let F Ď G and x P D y pF q. Then there exists n P N such that y n ∆x P F Ď G and so x P D y pGq.
(v) By (iv), we have D y pF q Ď D y pD y pF qq. Let x P D y pD y pF qq. Then there exists m P N such that y m ∆x P D y pF q and so y n ∆py m ∆xq P F , for some n P N. Now, by (iii), we get y n`m ∆x P F and so x P D y pF q. Hence D y pD y pF" D y pF q.
(vi) Let F be a filter of L. Then F is a non-empty upset and so by (i), 1 P D y pF q. Let a, a Ñ b P D y pF q. Then there exist m, n P N such that py 2 q n Ñ a 2 P F and py 2 q m Ñ pa Ñ bq 2 P F . Moreover,
Since F is a filter and ppy 2 q n Ñ a 2 q P F , then we get py 2 q n`m Ñ b 2 P F , thus b P D y pF q. Therefore, D y pF q is a filter of L.
(vii) Let x ≤ y and a P D y pF q. Then there exists n P N such that py 2 q n Ñ a 2 P F . By x ≤ y, (B5) and (B12), we get x 2 ≤ y 2 and so py 2 q n Ñ a 2 ≤ px 2 q n Ñ a 2 . Since py 2 q n Ñ a 2 P F and F is an upset, then px 2 q n Ñ a 2 P F and so a P D x pF q. Therefore, D y pF q Ď D x pF q.
(viii) Let x P L. Then x P D y pYtF α |α P Iuq ô y n ∆x P YtF α |α P Iu, for some n P N ô y n ∆x P F α , for some n P N and α P I ô x P D y pF α q, for some n P N and α P I ô x P YtD y pF α q|α P Iu. (ix) By (iv), D y pXtG i |i " 1, 2, . . . , nuq Ď XtD y pG i q|i " 1, 2, . . . , nu. Let x P XtD y pG i q|i " 1, 2, . . . , nu. Then there exist m 1 , . . . , m n P N such that py 2 q m i Ñ x 2 P G i , for any i P t1, 2, . . . , nu. Let t " maxtm 1 , m 2 , . . . , m n u. Then by (B2), py 2 q m i Ñ x 2 ≤ py 2 q t Ñ x 2 and so py 2 q t Ñ x 2 P G i , for any i P t1, 2, . . . , nu. It follows that py 2 q t Ñ x 2 P XtG i |i " 1, 2, . . . , nu, and so x P D y pXtG i |i " 1, 2, . . . , nuq. Therefore, D y pXtG i |i " 1, 2, . . . , nuq " XtD y pG i q|i " 1, 2, . . . , nu.
(x) It is straightforward by Note 3.2 and (B4). Proof. By Proposition 3.3(i), (ii), (iv) and (v), D y is a closure operator. Let F be a non-empty upset of L. By y ≤ y 2 and Proposition 3.3(vii), D y 2 pF q Ď D y pF q. Let x P D y pF q. Then there exists n P N such that py 2 q n Ñ x 2 P F . By (B8), y 4 " y 2 and so x P D y 2 pF q. Therefore, D y " D y 2 .
Clearly, if F is a filter and y " 1, then D y pF q " DpF q. In the next theorem, we want to answer to this question " under what condition D y pF q " DpF q?" Theorem 3.5. Let y P L and F be a filter of L. Then D y pF q " DpF q if and only if y 2 P F .
Proof. Let D y pF q " DpF q. Then by Proposition 3.3(ii), we get y P DpF q and so y 2 P F . Conversely, suppose that y 2 P F . By Proposition 3.3(vii), DpF q Ď D y pF q. Let x P D y pF q. Then there exists n P N such that py 2 q n Ñ x P F . Since y 2 P F and F is a filter, then py 2 q n P F and so x 2 P F . Hence x P DpF q. Therefore, D y pF q " DpF q.
Proposition 3.6. Let y P L and F be a filter of L.
Proof. (i) Suppose that F is a maximal filter of L and y 2 P F . By Proposition 3.3(ii) and (vi), D y pF q is a filter and F Ď D y pF q. If 0 P D y pF q, then py 2 q n Ñ 0 P F , for some n P N and so by (B4), py 2 q n´1 Ñ py 2 Ñ 0q " py 2 q n´1 Ñ y 1 P F . Since y 2 P F and F is a filter then we get y 1 P F and so by (B2), 0 " y 2 d y 1 P F , which is a contradiction. Hence D y pF q ‰ L. Now, by assumption we get F " D y pF q.
(ii) Let F be a prime filter of L and a _ b P D y pF q. Then there exists n P N such that py 2 q n Ñ pa _ bq 2 P F . Hence by
we get ppy 2 q n Ñ a 2 q _ ppy 2 q n Ñ b 2 q P F . Since F is a prime filter, then py 2 q n Ñ a 2 P F or py 2 q n Ñ b 2 P F and so a P D y pF q or b P D y pF q. Therefore, D y pF q is a prime filter of L.
(iii) 0 P D y pF q ô py 2 q n Ñ 0 P F , for some n P N ô py n Ñ 0q 2 P F ô py n q 1 P F.
(iv) Let D y pM q " L. If y P M , then y 2 P M and so by (i), we have L " D y pM q " M , which is a contradiction. Hence y P L´M . Conversely, let y P L´M . Since M is a maximal filter, then there exists n P N such that py n q 1 P M . Hence by (iii), D y pF q " L Proposition 3.7. Let F and G be two filters of L such that G Ď F . Then D rys pF {Gq " D y pF q{G.
Proof. Let x P L. Then D rys pF {Gq " trxs P L{G|rys n ∆rxs P F {G, for some n P N u " trxs P L{G|ry n ∆xs P F {Gu " trxs P L{G|y n ∆x P F u " D y pF q{G.
Definition 3.8. Let a P L. By Proposition 3.3(viii) and (ix), the set τ a " tD a pF q|F P U pLqu is a topology on L and pL, τ a q is a topological space.
Proposition 3.9. Let f : L Ñ L be a homomorphism, y P L and F be a filter of L. Then (i) if y P Imf and y " f paq, then f´1pD y pF" D a pf´1pF qq, (ii) D y pkerpf" f´1pD f pyq pt1uqq, (iii) consider the topological space pL, τ y q. If y 2 " f paq, for some a P L, then f is a continuous map from pL, τ a q to pL, τ y 2 q.
Proof. (i) Let y 2 " f paq. Since f is a homomorphism, then f´1pF q is a filter of L and we get
(ii) We have
(iii) Let F P U pLq. It suffices to show that f´1pD y pFP τ a . By Corollary 3.4 and (i), we get f´1pD y pF" f´1pD y 2 pF" D a pf´1pF qq. Hence f´1pD y pFP τ a and so f is a continuous map.
In the following, we want to verify some of the properties of topological space pL, τ a q, for any a P L.
Proposition 3.10. The set B a " tD a pÒxq | x P Lu is a base for the topology τ a on L.
Proof. Let X be an open subset of pL, τ a q. Then there exists F P U pLq such that X " D a pF q. Since F is an upset, then F " YtÒx | x P F u and so by Proposition 3.3(viii), D a pF q " YtD a pÒ xq|x P F u. Hence B a is a base for the topology τ a on L.
Proposition 3.11. Let a, b P L such that a ≤ b. Then the topology τ b is finer than topology τ a .
Proof. Let z P L and D a pÒ xq be an element of B a containing z. Then there exists n P N such that pa 2 q n Ñ z 2 PÒ x. By Proposition 3.3(ii), z P D b pÒ zq. Since a ≤ b, then by Proposition 3.3(vii), D b pÒ zq Ď D a pÒ zq. Now, we show that D a pÒ zq Ď D a pÒ xq. Let u P D a pÒ zq. Then there exists m P N such that z ≤ pa 2 q m Ñ u 2 and so by (B5) and (B19), z 2 ≤ ppa 2 q m Ñ u 2 q 2 " pa 2 q m Ñ u 2 . Hence by (B5), we get pa 2 q n Ñ z 2 ≤ pa 2 q n Ñ ppa 2 q m Ñ u 2 q " pa 2 q m`n Ñ u 2 and so x ≤ pa 2 q m`n Ñ u 2 . It follows that u P D
Proof. Suppose that F Ď D a pÒ tx i 1 , x i 2 , . . . , x in uq, for some x i 1 , x i 2 , . . . , x in P F . Let tD a pF i q | i P Iu be a family of open subsets of L whose union contains F . Then for any j P t1, 2, . . . , nu, there exists t j P I such that
. . , x in P F ) and so by Proposition 3.3(i), (iv) and (v), D a pÒ x i j q Ď D a pF t j q, for any j P t1, 2, . . . , nu. Now, by Proposition 3.3(viii) we obtain
Hence F is compact. Conversely, let F be a compact subset of L. Since F Ď YtÒ x|x P F u, then by Proposition 3.3(ii), F Ď YtD a pÒ xq|x P F u. Hence tD a pÒ xq|x P F u is a family of open subsets of L whose union contains F . By assumption, there are x 1 , x 2 , . . . , x n P F such that
It follows from Proposition 3.3(viii) that F Ď D a pÒ tx 1 , x 2 , . . . , x n uq.
Let pX, τ q be a topological space, θ be an equivalence relation on X, X{θ be the quotient set and π : X Ñ X{θ be the canonical map. Let ρ be the set of all subsets U of X{θ such that π´1pU q is open in X. Then ρ is a topology on X{θ and the topological space pX{θ, ρq is called the quotient topology induced by θ (see [9, Thm 3.4 .1]). It is well known that ρ is the largest topology on X{θ making π continuous. Now, suppose that F is a filter of L, L{F is the quotient BL algebra with respect to F , π : L Ñ L{F is the canonical epimorphism and τ is a topology on L. We use r τ to denote the quotient topology induced by " F on L{F . We can easily show that if V P r τ , then there exists U P τ such that π F pU q " V (see [5, Lemma 3.1] ). Proposition 3.13. Let F be a filter of L and a P L. Then (i) for any x P L, D a pÒ xq{F " D a{F pÒ x{F q, (ii) the topologies τ a{F and r τ a on L{F are the same, where r τ a is the quotient topology of τ a on L{F .
and D a pÒ xq{F " tv{F |v P D a pÒ xqu. Let u{F P D a pÒ xq{F . Then there exists v P D a such that u{F " v{F and so x Ñ ppa 2 q n Ñ v 2 q " 1, for some n P N. Since u " F v, then we get x Ñ ppa 2 q n Ñ u 2 q " x Ñ ppa 2 q n Ñ v 2 q " 1 and so x Ñ ppa 2 q n Ñ u 2 q P F . Hence u{F P D a{F pÒ x{F q. Now, let u{F P D a{F pÒ x{F q. Then there exists n P N such that x Ñ rpa 2 q n Ñ u 2 s P F . Let f " x Ñ ppa 2 q n Ñ u 2 q. Then by (B4) we obtain x Ñ ppa 2 q n Ñ rf Ñ u 2 sq " f Ñ rx Ñ rpa 2 q n Ñ u 2 ss " 1 and so by (B8) and (B19),
Hence f Ñ u P D a pÒ xq. Since f P F , then f {F " 1{F and so
That is pf Ñ uq " F u. Therefore, u{F P D a pÒ xq{F .
(ii) By Proposition 3.10, tD a{F pÒ x{F q | x{F P L{F u is a base for τ a{F on L{F . Moreover, tD a pÒ xq{F | x P Lu is a base for r τ a . Now, the proof of (ii) is straightforward by (i).
Proposition 3.14. The topological space pL, τ a q is connected.
Proof. Let A be a non-empty subset of L which is both closed and open. Then there exists an upset F of L such that A " D a pF q. If 0 P A and so by Proposition 3.3(i), A " L. Let 0 P L´A. Since A is closed, then L´A is open and so by Proposition 3.3(i), L´A is an upset. Now, 0 P L´A implies that L´A " L. Hence A " ∅, which is a contradiction. It follows that tL, ∅u is the set of all subset of L which are both closed and open. Therefore, L is connected.
Definition 3.15.
[4] Let U be a topology on a BL-algebra L. If pL, t˚iu, U q, where t˚iu Ď t_,^, d, Ñu, is a (semi)topological algebra, then pL, t˚iu, U q and x Ñ y " x˚' y, for any x, y P L. Then pM, _,^, ', Ñ, 0, 1q is an M V -algebra by Definition 4.2.
(ii) Let pG,`, _,^,´, 0q be an abelian l-group and pG, U q be a topological space. Then G is called a semitopological abelian l-group if pG, t_,^,`u, U q is a semitopological algebra.
Proposition 4.5. Let pL, t_,^, d, Ñu, U q be a semitopological M V -algebra and ',˚be the operations defined in Theorem 4.3(i). Then
Proof. Let V P U and x P L. Then f´1 x pV q " ty P L | x ' y P V u " ty P L | px 1 dy 1 q 1 P V u. For any a P L, we define the map g a : L Ñ L by g a pxq " adx. Since for any a P L, a 2 " a, then
" ty P L | y P pg´1 x 1 pV 11 u " pg´1 x 1 pV 11 .
By assumption, pL, t_,^, d, Ñu, U q is a semitopological M V -algebra. Thus V 1 P U and g x 1 is a continuous map and so g´1 x 1 pV 1 q P U and f´1 x pV q " pg´1 x 1 pV 11 P U . Hence f x : L Ñ L is continuous.
(ii) Let α : L Ñ L be defined by αpxq " x Ñ 0, for any x P L. Clearly, α "˚. Since pL, t_,^, d, Ñu, U q is a semitopological M V -algebra, then α is a continuous map.
(iii) By Theorem 4.3, we know that pL, ',˚, 0q is an M V -algebra. The proof of this part follows from (i) and (ii).
D. Mundici in [15] has shown that if pG,`, _,^,´, 0q is an abelian l-group and 0 ≤ u P G, then pr0, us, ',˚, 0q is an M V -algebra, where ' and˚were defined by x ' y " px`yq^u, x˚" u´x, for any x, y P r0, us.
He denoted this M V -algebra by ΓpG, uq. More generally, Mundici proved that every M V -algebra is isomorphic to ΓpG, uq, for some abelian l-group G and some positive element u P G.
By considering the Definition 4.1, we can propose another definition of a semitopological M V -algebra in the following form:
we conclude that f´1 x pV q " βpαpWX r0, us. Since β˝α is continuous and W P U , then pβ˝αq´1pW q P U and so f´1 x pV q P τ . Now, we show that : r0, us Ñ r0, us is continuous. Define λ : G Ñ G by λpyq " u´y and µ : G Ñ G by µpyq "´y, for any y P G. Then by assumption λ and µ are continuous. Since y˚" λpµpyqq, for any y P r0, us, then we have ty P r0, us | y˚P V u " ty P r0, us | λpµpyqq P W X r0, usu " r0, us X pλ˝µq´1pW q X pλ˝µq´1pr0, usq " r0, us X pλ˝µq´1pW q.
Hence ty P r0, us|y˚P V u P τ and so˚is a continuous map. Therefore, pr0, us, τ, ',˚, 0q is a semitopological M V -algebra.
